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A m $\cross$ n $\mathrm{R}^{m}$ (resp. $\mathrm{R}^{n}$ ) $m$ (oesp. $n$
) $\mathrm{b}\in \mathrm{R}^{m}$ \vdash
:
$X$
$\mathrm{d}\mathrm{e}\mathrm{f}=$ { $\mathrm{x}\in \mathrm{R}^{n}|$ Ax $=\mathrm{b},$ $\mathrm{x}\geqq 0$ },
$\mathcal{Y}$
$\mathrm{d}\mathrm{e}\mathrm{f}=$




$\mathrm{d}\mathrm{e}\mathrm{f}=$ { $\mathrm{x}\in \mathbb{R}^{n}|$ Ax $\leqq \mathrm{b},$ $\mathrm{x}\geqq 0$ },
$\mathcal{Y}$
$\mathrm{d}\mathrm{e}\mathrm{f}=$
$\{\mathrm{y}\in \mathrm{R}^{m}|\mathrm{A}^{\mathrm{T}}\mathrm{y}\geqq 0, \mathrm{y}\geqq 0, \mathrm{b}^{\mathrm{T}}\mathrm{y}<0\}$ .
([3], [5], [6])
Maximize $\mathrm{c}^{\mathrm{T}}\mathrm{x}$ $\mathrm{s}.\mathrm{t}$ . $\{$
$\mathrm{A}\mathrm{x}=\mathrm{b}$ ;
$\mathrm{x}\geqq 0$ .
Minimize $\mathrm{b}^{\mathrm{T}}\mathrm{y}$ $\mathrm{s}.\mathrm{t}$ . $\mathrm{A}^{\mathrm{T}}\mathrm{x}\geqq \mathrm{c}$ .
Farkas
Maximize $\mathrm{c}^{\mathrm{T}}\mathrm{x}$ $\mathrm{s}.\mathrm{t}$ . $\{$
$\mathrm{A}\mathrm{x}\leqq \mathrm{b}$ ;
$\mathrm{x}\geqq 0$ ,
$AMS$ 2000 Subject classifications. Primary $9\mathrm{O}\mathrm{C}05$ , Secondary $46\mathrm{C}05$
Key words. Farkas’s lemma, linear programming, closed convex set, geometry of Hilbert space
1253 2002 124-134
124




















$H$ Hilbert $\langle\cdot|\cdot\rangle$ $H$ $C$
$\alpha,$ $\beta>0,$ $x,$ $y\in C\Rightarrow\alpha x+\beta y\in C$
$C$ $H$ $H$
$X$ $X$ $X$




$X^{*}\mathrm{d}\mathrm{e}\mathrm{f}=$ { $y\in H[\langle x|y\rangle\geqq 0$ for all $x\in X$ }









2 $H$ $X$ $X^{\mathrm{s}\mathrm{s}}=X$
$K$ $H$ $K\text{ }=K$ $H$
$C_{1}$ $C_{2}$ $C_{1}+C_{2}$
$C_{1}+C_{2}=\mathrm{d}\mathrm{e}\mathrm{f}\{x_{1}+x_{2}|x_{1}\in C_{1}, x_{2}\in C_{2}\}$
3 $\overline{C_{1}+C_{2}}=(C_{1}\cup C_{2})^{\wedge}$ .
4 $(C_{1}+C_{2})^{*}=C_{1}^{\cdot}\cap C_{2}^{\mathrm{s}}$ .
5 $(C_{1}\cap C_{2})^{*}=\overline{C_{1}^{*}+C_{2}^{\mathrm{s}}}$ .
$H_{1}$ $H_{2}$ Hilbert $C\subseteq H_{1}$ $D\subseteq H_{2}$
$C\oplus D\subseteq H_{1}\oplus H_{2}$
$C\oplus D=\mathrm{d}\mathrm{e}\mathrm{f}\{\{\begin{array}{l}xy\end{array}\}|x\in C,$ $y\in D\}$
6 $(C\oplus D)^{*}=C^{*}\oplus D^{*}$ .
3
Hilbert $H_{1}$ $H_{2}$ $H_{1}$ $H_{2}$
$A$ $A^{*}$ $H_{2}$ $H_{1}$ $A$
$x\in H_{1}$ $y\in H_{2}$
$\langle Ax|y\rangle=\langle x|A^{*}y\rangle$
$C\subseteq H_{1}$




$v\in A[C]^{*}$ $\Leftrightarrow$ $\langle y|v\rangle\geqq \mathrm{O}$ for all $y\in A[C]$
$\Leftrightarrow$ $\langle Ax|v\rangle\geqq \mathrm{O}$ for all $x\in C$
$\Leftrightarrow$ $\langle x|A^{*}v\rangle\geqq \mathrm{O}$ for all $x\in C$
$\Leftrightarrow$ $A^{*}v\in C^{*}$




1 $C\subseteq H_{1}$ $A[C]$ $b\in H_{2}$ 2
$X$
$\mathrm{d}\mathrm{e}\mathrm{f}=$
$\{x\in H_{1}|Ax=b, x\in C\}$ ,
$Y$
$\mathrm{d}\mathrm{e}\mathrm{f}=$
$\{y\in H_{2}|A^{*}y\in C^{*}, \langle b|y\rangle<0\}$ .
$X\neq\emptyset\Leftrightarrow Y=\emptyset$
$b\in A[C]$ ‘
$Y=\emptyset$ $\Leftrightarrow$ $\forall y\in H_{2},$ $A^{*}y\not\in C^{*}$ or $\langle b|y\rangle\geqq 0$
$\Leftrightarrow$ $\forall y\in H_{2},$ $A^{*}y\in C^{*}$ implies $\langle b|y\rangle\geqq 0$









$A=\{\begin{array}{lll}0 0 00 1 00 0 1\end{array}\}$
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$C^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}$ { $[x,$ $y,$ $z]^{T}\in \mathrm{R}^{3}|x\geqq \mathrm{O}$ and $y\geqq \mathrm{O}$ and $z^{2}\leqq xy$ }.
$C$
$A[C]=(\{0\}\mathrm{x}(0, \infty)\cross \mathrm{R})\cup\{[0,0,0]^{\mathrm{T}}\}$
$b=[0,0,1]^{T}$ $b\not\in A[C]$ 1 $X$ –
$A^{*}=A$ $C^{*}=C$ $A^{*}[x, y, z]^{T}\in C^{*}$ $z=0$
$[0, 0, 1][x, y, z]^{T}=0$
1 $Y$
1 $A[C]$ 1
2 $C\subseteq H_{1}$ $b\in H_{2}$
(I) $\exists\{x_{n}\}_{n=1}^{\infty}\subseteq C$ : $||b-Ax_{n}||arrow 0$ $(narrow\infty)$ ,
(II) $\exists y\in H_{2}$ : $A^{*}y\in C^{*}$ and $\langle b|y\rangle<0$ .
(I) $b\in\overline{A[C]}$ (II) $b\in((A^{*})^{-1}[C^{*}])^{*}$
$\overline{A[C]}=((A^{\cdot})^{-1}[C^{*}])^{*}$
$E^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}\{[1,0, \ldots, 0]^{\mathrm{T}}, \ldots, [0, \ldots, 0,1]^{\mathrm{T}}\}$
$P^{\mathrm{d}}=^{\mathrm{e}\mathrm{f}}\hat{E}$
$P=\{[x_{1}, \ldots, x_{n}]^{\mathrm{T}}\in \mathbb{R}^{n}|x_{1}\geqq 0, \ldots, x_{n}\geqq 0\}$
$P$ $P^{*}=P$ $x\geqq y$ ( $y\leqq x$ )
$x-y\in P$
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$\{x\in]\mathrm{R}^{n}|Ax=b, x\in P\cap K\})$
$Y$
$\mathrm{d}\mathrm{e}\mathrm{f}=$




$\{x\in \mathbb{R}^{n}|Ax=b, x\in P+K^{[perp]}\}$ ,
$Y$
$\mathrm{d}\mathrm{e}\mathrm{f}=$




$\{x\in \mathbb{R}^{n}|Ax=b, x\geqq 0\}$ ,
$Y$
$\mathrm{d}\mathrm{e}\mathrm{f}=$







$\{y\in \mathbb{R}^{m}|A^{*}y\geqq 0, \langle b|y\rangle\neq 0\}$ .




$\{x\in K^{[perp]}|x+b\in c\}$ ,
$Y$
$\mathrm{d}\mathrm{e}\mathrm{f}=$
$\{y\in K|y\in C^{*}, \langle b|y\rangle<0\}$ .
1 $H_{1}=H_{2}=H$ $A$ Il’
$X’$
$\mathrm{d}\mathrm{e}\mathrm{f}=$
$\{x\in H|-A_{X-}-b, x\in c\}$ ,
$Y’$
$\mathrm{d}\mathrm{e}\mathrm{f}=$
$\{y\in H|A^{*}y\in C^{*}, \langle b|y\rangle<0\}$
$X’$ $Y’$
$X’$ $=$ $\{x+b|x\in I\dot{\acute{\backslash }}^{1}, x+b\in c\}$ ,
$Y’$ $=$ $\{y\in I\acute{\mathrm{i}}|y\in C^{*}, \langle b|y\rangle<0\}$ .
$X’$ $X$ $Y’=Y$
4 $K\subseteq H$ $C\subseteq H$ $b\in K$
(I) $\exists\{x_{n}\}_{n=1}^{\infty}\subseteq I\acute{\mathrm{i}}^{[perp]}:$ $d(x_{n}+b, C)arrow 0$ $(narrow\infty)$ ,
(II) $\exists y\in K\cap C^{*}$ : $\langle b|y\rangle<0$
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5 $c\subseteqq H_{1}$ $D\subseteqq H_{2}$ $A[C]-D$ $b\in H_{2}$
$X$
$\mathrm{d}\mathrm{e}\mathrm{f}=$
$\{x\in H_{1}|Ax-b\in D, x\in C\}$ ,
$Y$
$\mathrm{d}\mathrm{e}\mathrm{f}=$
$\{y\in H_{2}|A^{*}y\in C^{*}, -y\in D^{*}, \langle b|y\rangle<0\}$ .
. Hilbert $H_{1}\oplus H_{2}$
$H_{1}\oplus H_{2}=\{\{\begin{array}{l}xy\end{array}\}|x\in H_{1},$ $y\in H_{2}\}$ .
$X\neq\emptyset$ $\Leftrightarrow$ $\exists x\in H_{1},$ $\exists y\in H_{2}$ , $Ax- b=y,$ $y\in D,$ $x\in C$
$\Leftrightarrow$ $\{\{\begin{array}{l}xy\end{array}\}|$ $Ax- b=y,$ $y\in D,$ $x\in C\}\neq\emptyset$
$\Leftrightarrow$ $\{\{\begin{array}{l}xy\end{array}\}|$ $Ax- b=y,$ $\{\begin{array}{l}xy\end{array}\}\in C\oplus D\}\neq\emptyset$
$\Leftrightarrow$ $\{\{\begin{array}{l}xy\end{array}\}|$ $Ax- y=b,$ $\{\begin{array}{l}xy\end{array}\}\in C\oplus D\}\neq\emptyset$
$\Leftrightarrow$ $\{\{\begin{array}{l}xy\end{array}\}|[A, -I]\{\begin{array}{l}xy\end{array}\}=b,$ $\{\begin{array}{l}xy\end{array}\}\in C\oplus D\}\neq\emptyset$.
$A[C]-D$ 1
$\{y\in H_{2}|\{\begin{array}{l}A^{*}-I\end{array}\}y\in(C\oplus D)^{*},$ $(b|y\rangle<0\}=\emptyset$ .
$\{y\in H_{2}|\{\begin{array}{l}A^{*}-I\end{array}\}y\in(C\oplus D)^{*},$ $\langle b|y\rangle<0\}$
$=$ $\{y\in H_{2}|\{\begin{array}{l}A^{*}-I\end{array}\}y\in(C^{*}\oplus D^{*}),$ $(b|y\rangle<0\}$




$\{x\in H_{1}|Ax\leqq b, x\geqq 0\}$ ,
$Y$
$\mathrm{d}\mathrm{e}\mathrm{f}=$
$\{y\in H_{2}|A^{*}y\geqq 0, y\geqq 0, \langle b|y\rangle<0\}$ .
4
$A$ : $H_{1}arrow H_{2}$ $C\subseteqq H_{1}$ B\subseteqq H2 $c\in H_{1}$ ,
$b\in H_{2}$




(D) :Minimize $\langle b|y\rangle$ $\mathrm{s}.\mathrm{t}$ . $\{$
A*y–c\in C
$y\in B$ .
6( ) $x$ $y$ (P) (D) (
)
$\langle c|x\rangle\leqq\langle b|y\rangle$
A: $H_{1}\oplus H_{2}arrow H_{1}\oplus H_{2}$
A $\mathrm{d}\mathrm{e}\mathrm{f}=\{\begin{array}{ll}0 A^{*}-A 0\end{array}\}$ .
(P) (D)






7( ) (P) (D) $x$ $y$
$\{\begin{array}{l}A^{*}y-cb-Ax\end{array}\}\{\begin{array}{l}xy\end{array}\}=0$
$x$ $y$ (P) (D)
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8( ) (P) (D) $H_{1}\oplus H_{2}$
$\Gamma=\mathrm{d}\mathrm{e}\mathrm{f}\{\{\begin{array}{l}A^{*}y-u-Ax-v\end{array}\}|x\in C,$ $y\in B,$ $\langle b|y\rangle\leqq\langle c|x\rangle,$ $u\in C^{*},$ $v\in B^{*}\}$









$X=\{\{\begin{array}{l}xy\end{array}\}|$ A $\{\begin{array}{l}xy\end{array}\}-\{\begin{array}{l}c-b\end{array}\}\in(C\oplus B)^{*}$ , $\{\begin{array}{l}xy\end{array}\}\in(C\oplus B)\cap\{\begin{array}{l}c-b\end{array}\}*\}$
$Y=\{$ $\{\begin{array}{l}xy\end{array}\}|\mathrm{A}^{*}\{\begin{array}{l}xy\end{array}\}\in(C\oplus B)^{*}+\{\begin{array}{l}c-b\end{array}\}’$ $-\{\begin{array}{l}xy\end{array}\}\in C\oplus B,$ $\{\begin{array}{l}c-b\end{array}\}\{\begin{array}{l}xy\end{array}\}<0.\}$
$X$ 5 $Y$




A $\{\begin{array}{l}-x-y\end{array}\}-\lambda\{\begin{array}{l}c-b\end{array}\}\in C^{*}\oplus B^{*}$.
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$\lambda>0$
A $\{\begin{array}{l}-x/\lambda-y/\lambda\end{array}\}-\{\begin{array}{l}c-b\end{array}\}\in C^{*}\oplus B^{*},$ $\{\begin{array}{l}-x/\lambda-y/\lambda\end{array}\}\in C\oplus B$




A $\{\begin{array}{l}-x-y\end{array}\}\in C^{*}\oplus B^{*},$ $\{\begin{array}{l}-x-y\end{array}\}\in C\oplus B$
(P) (D) $x_{0}$ $y_{0}$
A $\{\begin{array}{l}x_{0}y_{0}\end{array}\}-\{\begin{array}{l}c-b\end{array}\}\in C^{*}\oplus B^{*},$ $\{\begin{array}{l}x_{0}y_{0}\end{array}\}\in C\oplus B$
$x_{0}$ $y_{0}$ $\mu>0$ $x_{0}-\mu x$ $y_{0}-\mu y$
(P) (D) 4












9( ) 5 $\mathrm{r}$ $A1\ovalbox{\tt\small REJECT}-C$.
(P) ( (D))
(P) (D) (P) (P)
(D)
(P) (D)
$X=\{y\in H_{2}\mathrm{d}\mathrm{e}\mathrm{f}|A^{*}y-c\in C^{*}, y\in B\}$
5
$Y=\mathrm{d}\mathrm{e}\mathrm{f}\{x\in H_{1}|Ax\in B^{*}, -x\in C, \langle c|x\rangle<0\}$
$x_{0}\in H_{1}$
$Ax_{0}\in B^{\cdot},$ $-x0\in C,$ $\langle c|x_{0}\rangle<0$ .
$x^{*}$ (P) $x$ . $-\mu x_{0}$ (P)
$b-A(x^{*}-\mu xo)=b-Ax^{*}+Ax0\in B^{*}$ ,
$x^{*}-\mu x_{0}=x^{*}+\mu(-x_{0})\in C$.
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